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On Periodic Control Laws for Mobile Robots
Sašo Blažič

Abstract—This paper deals with the control of differentially
driven wheeled mobile robots. Two families of wheeled mobile
robots are considered: those that are capable of forward motion
only and those that can perform forward and backward motion. A
unified framework for the control law analysis and design of both
robot types is proposed. The control laws are developed within
a Lyapunov stability analysis framework. Periodic Lyapunov
functions are proposed, and the constructive procedure leads to
periodic control laws. These laws are very natural for wheeled
mobile robots since they are inspired by the periodic nature of a
robot’s orientation. The simple form of the control laws enables
their easy implementation in practical applications. Global con-
vergence is proven based on the usual requirements for reference
velocities. Some important properties of these systems are also
treated, such as continuity and the presence of unstable equilibria.
Some guidelines for how to choose a suitable control law and its
parameters are also given. An extensive simulation study was per-
formed, and the results of the proposed control laws are compared
with some control laws from the literature. The algorithms were
also validated using the Mirosot-type robot soccer robot and a
vision-based system.

Index Terms—Error model, kinematic model, Lyapunov sta-
bility analysis, periodic control law, trajectory tracking, wheeled
mobile robot.

I. INTRODUCTION

AUTONOMOUS mobile robots have become very popular
in recent years. The number of industrial applications

and research publications is rapidly growing [1]–[5]. There
are many issues to be solved when designing a mobile robot
system. Among them, the problem of nonholonomic system
control plays an important role. A thoroughly studied case with
great practical significance is the wheeled mobile robot with a
kinematic model similar to a unicycle. The differentially driven
mobile robots that are very common in practical applications
also have such a kinematic model. Although many researchers
coped with the more difficult problem of stabilizing dynamic
models for different types of mobile robots (see, e.g., [6]),
the basic limitations of mobile robot control still come from
their kinematic model, as shown in [7]–[9]. Kinematic control
laws are also very important from the practical point of view
since the wheel velocity control is often locally implemented on
simple microcontroller-based hardware, whereas the velocity
command comes from high-level hardware, which also pro-
vides the current control objective.
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Traditionally, the problem of mobile robot control has been
approached using point stabilization [10] or by redefining
the problem as a tracking control one [11]. There are also
some approaches that tackle both problems simultaneously
[2]. However, in our opinion, the tracking control approach
is somewhat more appropriate since the nonholonomic con-
straints and other control goals (obstacle avoidance, mini-
mum travel time, minimum fuel consumption) are implicitly
included in the path-planning procedure [12]. It is also eas-
ier to extend this approach to more complex schemes such
as the control of mobile robot platoons [13]. Many control
algorithms were proposed in the path-tracking framework,
such as proportional–integral–differential (PID) controllers
[11], Lyapunov-based nonlinear controllers [14], [15], adap-
tive controllers [6], model-based predictive controllers [16],
fuzzy-systems-based controllers [17], [18], visual servoing
controllers [19], [20], etc. In some cases, they are imple-
mented on chips or other industrial hardware [21]. Some ap-
proaches only guarantee local stability, whereas others also
ensure global stability and global convergence under certain
assumptions.

In this paper, a very important property of mobile robot
systems is treated. The model of a wheeled mobile robot can
be seen as being periodic with respect to its orientation. This
property of the system should be also reflected in the control
law. However, it has not often been explicitly treated, although
some control laws that belong to the group of periodic con-
trol laws exist [11]. Some geometrically inspired control laws
resemble the laws treated in this paper, e.g., pure-pursuit path
tracking [22]. In this paper, a wide spectrum of periodic control
laws is developed. Forward-motion-only control is treated first,
and later, a generalization to forward and backward motion
control is introduced. The latter group of mobile robots has not
been often explicitly treated in the literature. All the laws are
derived within the Lyapunov stability framework. The control
laws are also discussed from the continuity point of view. On
one hand, it is very important to find a (kinematic) control law
that produces a smooth control signal. If this is not the case, the
implementation on the dynamic model becomes difficult due to
a discontinuity in the orientation error of ±180◦, which often
leads to a discontinuity in the angular velocity command. On
the other hand, continuous control laws often suffer from an
unstable equilibrium at a certain orientation error. The tradeoff
between these two important system properties will be also
discussed. Last but not the least, the proposed control laws
are very easy to implement since they are mostly composed of
trigonometric functions.

The problem statement is given in Section II. The Lyapunov-
functions-based control design is described in Section III. In
Section IV, several control algorithms are compared. Practical
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Fig. 1. Two-wheeled differentially driven mobile robot.

experiments are described in Section V. The conclusions are
stated in Section VI.

II. PROBLEM STATEMENT

Assume a two-wheeled differentially driven mobile robot
like the one depicted in Fig. 1, where (x, y) is the wheel axis
center position, and θ is the robot orientation. The kinematic
motion equations of such a mobile robot are equivalent to
those of a unicycle. Robots with such an architecture have a
nonholonomic constraint of the form

[− sin θ(t) cos θ(t)]

[
ẋ(t)
ẏ(t)

]
= 0 (1)

resulting from the assumption that the robot cannot move in the
lateral direction. Only the first-order kinematic model of the
system will be treated in this paper, i.e.,

q̇ =

⎡
⎣ ẋ
ẏ
θ̇

⎤
⎦ =

⎡
⎣ cos θ 0
sin θ 0
0 1

⎤
⎦[

v
w

]
(2)

where qT (t) = [x(t) y(t) θ(t)] is the vector of generalized
coordinates, whereas v and w are the translational and angular
velocities, respectively, of the system in Fig. 1. The velocities
of the right and left wheels of the robot are

vR = v +
wB

2
and vL = v − wB

2
(3)

where B is the robot interwheel distance. The control design
goal is to follow the reference trajectory, which is defined by

qTr (t) = [xr(t) yr(t) θr(t)] (4)

where qr(t) is a priori known and smooth. It is very easy to
show that the system (2) is flat, with the flat outputs being
x and y. This flatness property guarantees the existence of
the uniformly continuous control inputs vr(t) and wr(t) that
produce the desired trajectory (4) in the ideal case of the
kinematic constraints described by (1) if a condition on the
nonzero translational velocity is met at each moment of time.
For a given smooth reference trajectory (4) defined in the time
interval t ∈ [Ts, Tf ], the open-loop (or flatness-based) control
can be derived as

vr(t) =
√
ẋ2
r(t) + ẏ2r(t)

wr(t) =
ẋr(t)ÿr(t)− ẏr(t)ẍr(t)

ẋ2
r(t) + ẏ2r(t)

= vr(t)κ(t) (5)

where κ(t) is the reference path’s curvature. The necessary
condition for the existence of (5) is a twice-differentiable path
and a nonzero tangential velocity vr(t) �= 0, ∀ t ∈ [Ts, Tf ].

The posture error is not given in the global coordinate system
but rather as an error in the local coordinate system of the robot:
ex gives the error in the direction of driving, ey gives the error
in the lateral direction, and eθ gives the error in the orientation.
The posture error e = [ ex ey eθ ]

T is determined using the
actual posture q = [x y θ ]T and the reference posture qr =

[xr yr θr ]
T , i.e.,⎡

⎣ ex
ey
eθ

⎤
⎦ =

⎡
⎣ cos θ sin θ 0
− sin θ cos θ 0

0 0 1

⎤
⎦ (qr − q). (6)

From (2) and (6) and assuming that the virtual reference
robot has a kinematic model similar to (2), the posture error
model can be written as follows:⎡

⎣ ėx
ėy
ėθ

⎤
⎦ =

⎡
⎣ cos eθ 0
sin eθ 0
0 1

⎤
⎦[

vr
wr

]
+

⎡
⎣−1 ey

0 −ex
0 −1

⎤
⎦u. (7)

The transformation (6) is theoretically imposed by the group
operation, noting that the model (2) is a system in the Lie group
SE(2) [8]. This approach was adopted in [11], where the authors
also proposed PID control for the stabilization of the robot at
the reference posture. Later, many authors used the error model
(7) for the tracking control design.

Very often, e.g., [11], the control u is used to solve the
tracking problem, i.e.,

u =

[
v
w

]
=

[
vr cos eθ + vb

wr + wb

]
(8)

where uT
b = [ vb wb ] is the feedback signal to be determined

later. Inserting the control (8) into (7), the resulting error model
is given by

ėx =wrey − vb + eywb

ėy = −wrex + vr sin eθ − exwb

ėθ = −wb. (9)

The goal of this paper is to design a feedback tracking
controller, and the tracking should be asymptotic under the
persistency of excitation through vr(t) or wr(t). The control
laws will be periodic with respect to the orientation error.
Thus, all the usual problems with orientation are alleviated.
These problems can become critical around ±180◦ in certain
applications, e.g., when using an observer to estimate the robot
pose from the delayed measurements.

Two types of wheeled mobile robots will be treated in this
work. The first group consists of mobile vehicles that can
perform forward motion only. They can drive only in one
direction during normal operation due to the fact that the service
equipment is only mounted on one side of the vehicle in the
direction of movement. Sometimes, reverse driving is allowed
during special maneuvers, e.g., during the initial transient
to approach the reference trajectory or during zigzag lateral
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movement. The second group consists of mobile robots that
are capable of forward and backward motion. Usually, they
are (approximately) symmetric and can perform their tasks
when driving in any of the two directions dictated by the
nonholonomic constraints.

III. PERIODIC CONTROL LAWS FOR

WHEELED MOBILE ROBOTS

The problem of tracking is clearly periodic with respect to
the orientation. This can be observed from the kinematic model
(2) by using an arbitrary control input and an arbitrary initial
condition, resulting in a certain robot trajectory. If the same
control input is applied to the robot and the initial condition
only differs from the previous one by a multiple of 2π, the same
response is obtained for x(t) and y(t), whereas θ(t) differs from
the previous solution for the same multiple of 2π. The periodic
nature should be also reflected in the control law used for the
tracking. This should mean that one searches for a control law
that is periodic with respect to the error in the orientation eθ
(the period is 2π) and ensures the convergence of the posture
error e to one of the points [ 0 0 2kπ ]T (k ∈ Z).

Obviously, the functions that are used in this paper for the
convergence analysis should be also periodic in eθ. This means
that these functions have multiple local minima and therefore
do not satisfy the properties of the classic Lyapunov functions.
Although the stability analysis resembles Lyapunov’s direct
method (the second method of Lyapunov), the convergence is
not proven by this stability theory because the convergence
of e to zero is not needed in our approach. Nevertheless, the
functions used in this paper for the convergence analysis will
still be referred to as “Lyapunov functions.”

In the stability proofs of the control laws in this paper, the
signal norms will play an important role. The Lp norm of a
scalar function x(t) is defined as

‖x‖p =

⎛
⎝

∞∫
0

|x(τ)|p dτ

⎞
⎠

1
p

. (10)

If the preceding integral exists (i.e., it is finite), the function
x(t) is said to belong to Lp. Limiting p toward infinity provides
a very important class of functions, i.e., L∞-bounded functions.

Two very well-known lemmas will be used in the proofs of
the theorems in this paper. The first one is Barbãlat’s lemma,
and the other one is a derivation of Barbãlat’s lemma. Both
lemmas are taken from [23] and are given below for the sake
of completeness.

Lemma 1 (Barbãlat’s Lemma): If limt→∞
∫ t

0 f(τ)dτ exists
and is finite and f(t) is a uniformly continuous function, then
limt→∞ f(t) = 0.

Lemma 2: If f , ḟ ∈ L∞ and f ∈ Lp for some p ∈ [1,∞),
then f(t) → 0 as t → ∞.

A. Forward Motion Control of Wheeled Mobile Robots

When controlling a vehicle that can perform forward motion
only, our goal is to bring the position error to zero, whereas the

orientation error should converge to any multiple of 2π. In order
to do this, a Lyapunov function that is periodic with respect to
eθ (with a natural period of 2π) will be used. First, the concept
will be shown on one Lyapunov function, and later, this will be
extended to a more general case. The first Lyapunov function
candidate is chosen as

V =
ky
2

(
e2x + e2y

)
+

1

2

(
tan eθ

2
1
2

)2

(11)

where ky is a positive constant. Its derivative along the solutions
of (9) is

V̇ = kyex(wrey − vb + eywb)

+ kyey(−wrex + vr sin eθ − exwb)− 2
tan eθ

2

cos2 eθ
2

wb

= −kyexvb + kyvrey sin eθ − 2
tan eθ

2

cos2 eθ
2

wb (12)

if the following control law is applied:

vb = kxex

wb = kyvrey cos
4 eθ
2

+ kθ sin eθ (13)

where kx and kθ are positive bounded functions; the derivative
V̇ from (12) becomes

V̇ = −kxkye
2
x − kθ

(
tan eθ

2
1
2

)2

. (14)

The asymptotic stability of the equilibrium points ek =
[ 0 0 2kπ ]T (k ∈ Z) will be shown in Theorem 1.

Theorem 1: If the control law (13) is applied to the system
where ky is a positive constant, kx and kθ are positive bounded
functions, the reference velocities vr and wr are bounded, and
the initial condition for eθ(t) satisfies cos(eθ(0)/2) �= 0, then
the tracking error ex converges to 0, whereas eθ converges to
a multiple of 2π. The convergence of ey to 0 is guaranteed,
provided that at least one of these two conditions is met:

1) vr is uniformly continuous and does not go to 0 as t →
∞, whereas kθ is uniformly continuous;

2) wr is uniformly continuous and does not go to 0 as t →
∞, whereas vr, kx, and kθ are uniformly continuous.

Proof: It follows from (14) that V̇ ≤ 0, and therefore,
the Lyapunov function is nonincreasing and thus has the limit
limt→∞ V (t). Consequently, the following can be concluded
from (11):

ex, ey, tan
eθ
2

∈ L∞. (15)

Based on (15), it follows from (13) that the control signals
are bounded and from (9) that the derivatives of the errors are
bounded, i.e.,

vb, wb, ėx, ėy, ėθ ∈ L∞ (16)

where it was taken into account that vr, wr, kx, and kθ are
bounded.
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In order to show the asymptotic stability of the equilibrium
points, let us first calculate the following integral:

∞∫
0

V̇ dt=V (∞)− V (0)=−
∞∫
0

kxkye
2
xdt− 4

∞∫
0

kθ tan
2 eθ
2
dt.

(17)

Since V ≥ 0, the following inequality follows from (17):

V (0) ≥
∞∫
0

kxkye
2
xdt+ 4

∞∫
0

kθ tan
2 eθ
2
dt

≥ kykx

∞∫
0

e2xdt+ 4kθ

∞∫
0

tan2
eθ
2
dt (18)

where the lower bounds of the functions kx(t) and kθ(t) are
introduced, i.e.,

kx(t) ≥ kx > 0

kθ(t) ≥ kθ > 0. (19)

It follows from (18) that ex, tan(eθ/2)∈L2. Applying Lemma 2,
the convergence of ex(t) to 0 immediately follows. Next,
the convergence of tan(eθ/2) to 0 will be established. The
function is bounded due to (15). It also belongs to L2, as
shown above. It remains to be shown that (d/dt) tan(eθ/2) =
(cos(eθ/2))

−2(ėθ/2) ∈ L∞. The second factor is bounded [see
(16)], whereas the first factor is also bounded by the initial value
of the Lyapunov function

(
cos

eθ
2

)−2

= 1 + tan2
eθ
2

≤ 1 +
V (t)

2
≤ 1 +

V (0)

2
. (20)

Since cos(eθ(0)/2) �= 0 from the assumption of the theo-
rem (and therefore V (0) is finite) and V is nonincreasing,
(cos(eθ/2))

−2, (d/dt) tan(eθ/2) ∈ L∞. Consequently, it fol-
lows from Lemma 2 that tan(eθ(t)/2) → 0 or, equivalently,
eθ(t) → 2kπ (k ∈ Z). Since the limit limt→∞ V (t) exists, then
limt→∞ ey(t) also exists.

Until now, only the convergence of ex(t) and tan(eθ(t)/2)
to 0 has been established. To show the convergence of ey , at
least one of the conditions of Theorem 1 have to be fulfilled.
Let us first analyze case 1. Applying Lemma 1 on ėθ(t) ensures
that limt→∞ ėθ(t) = 0 if limt→∞ eθ(t) exists and is finite and
ėθ(t) is uniformly continuous. The latter is true [see (9)] if wb

is uniformly continuous. The easiest way to check the uniform
continuity of f(t) on [0,∞) is to see if f , ḟ ∈ L∞. The signal
wb defined in (13) is, therefore, uniformly continuous since kθ
and vr are uniformly continuous from the assumption in case 1
of the theorem. The statement limt→∞ ėθ(t) = 0 (which is
identical to limt→∞ wb(t) = 0) has therefore been proven. The
convergence of ey to 0 follows from the control law for wb in
(13). The second term in this equation converges to 0 because of
eθ → 2kπ and kθ ∈ L∞. It has been shown that wb converges
to 0, and the same is, therefore, true for the first term in the
control law for wb, i.e.,

lim
t→∞

kyvrey cos
4 eθ
2

= 0. (21)

Taking into account that vr does not diminish as t → ∞,
cos4(eθ/2) → 1 (which is equivalent to eθ → 2kπ), and ky >
0, (21) can be only satisfied if ey converges to 0.

For the second case, one has to guarantee again that
limt→∞ wb = 0. This is true if vr and kθ are uniformly con-
tinuous, as shown before. Then Barbãlat’s lemma (Lemma 1) is
applied on ėx in (9). It has been already shown that ex, ey , and
wb are uniformly continuous, vb is uniformly continuous since
kx is uniformly continuous from the assumption of case 2 of
the theorem, and wr is also continuous from the assumption of
case 2. This proves the statement limt→∞ ėx(t) = 0. As previ-
ously discussed, it can be concluded that the last two terms in
(9) for ėx go to 0 as t goes to infinity. Consequently, the product
wrey also goes to 0. Since wr is persistently exciting and does
not go to 0, ey has to go to 0. �

Remark 1: Note that, for the convergence of ex and eθ, only
the boundedness of vr and wr is required. A considerably more
difficult task is to drive ey to 0. This is achieved by persistent
excitation from vr or wr. This property is a very general one
for the tracking controllers. In fact, it was shown in [9] that no
controller is able to achieve asymptotic stability for an arbitrary
reference trajectory without persistent excitation, either from
vr or wr.

Remark 2: It is important to establish the region of attraction
of each equilibrium point. Since the convergence of ey depends
on some special conditions, the convergence of eθ will now
be analyzed. It has been already shown [see (20)] that eθ can
never approach (2k + 1)π if eθ(0) �= (2k + 1)π (k ∈ Z). This
means that eθ can never cross any odd multiple of π and that
it always converges to 2kπ if the initial condition belongs to
the open interval ((2k − 1)π, (2k + 1)π) where k ∈ Z. If, how-
ever, eθ(0) = (2k + 1)π (k ∈ Z), it can be easily seen from the
control law (13) that wb(t) = 0 and that eθ(t) = (2k + 1)π for
t ≥ 0. This means that the points eθ = (2k + 1)π are unstable
equilibrium points (the trajectories are always repelled from
them). Even if eθ(t) = (2k + 1)π for t ≥ 0, as shown above,
the translational velocity v becomes −vr due to (8), which
means that the robot is driving in the reverse direction while
tracking the desired position without an error. In the case of
forward motion robots, such a behavior may sometimes not be
acceptable and can be avoided by using an altered control law,
as shown in the following.

Remark 3: A useful property of the control law (13) is that it
is continuous with respect to the error. The smoothness of con-
trol laws is in contradiction with the desire to have a strongly
repelling equilibrium point at eθ(t) = (2k + 1)π (k ∈ Z). If a
stronger, but discontinuous, action with respect to the orienta-
tion error is needed around the unstable equilibria, this can be
achieved by slightly altering the control law (13) as follows:

vb = kxex

wb = kyvrey cos
4 eθ
2

+ kθ
sin eθ∣∣cos eθ

2

∣∣
= kyvrey cos

4 eθ
2

+ 2kθ sin
eθ
2
sgn

(
cos

eθ
2

)
(22)

where sgn(·) is the signum function, and the value of sgn(0)
is defined as either 1 or −1 (actually, anything but 0 to prevent
the equilibrium point from arising).
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Theorem 2: If the control law (22) is applied to the system
(9), where ky , kx, kθ, vr, and wr fulfil the same conditions as in
Theorem 1, then the tracking error ex converges to 0, whereas
eθ converges to a multiple of 2π. The convergence of ey to 0 is
guaranteed under the same conditions as in Theorem 1.

Proof: First, the assumption will be made that the initial
condition for eθ(t) satisfies cos(eθ(0)/2) �= 0. Inserting (22)
into (12) yields

V̇ = −kxkye
2
x − 4kθ

tan2 eθ
2∣∣cos eθ
2

∣∣ (23)

which results in the fulfillment of (15) and (16) as before
and in ex, | cos(eθ/2)|−(1/2) tan(eθ/2) ∈ L2. From
| cos(eθ/2)|−(1/2) tan(eθ/2) ≥ tan(eθ/2) it follows that
tan(eθ/2) ∈ L2. As previously discussed, the convergence
of ex and tan(eθ/2) to 0 can be concluded. The proof of
the convergence of ey follows the same lines as the proof of
Theorem 1.

As already shown in the proof of Theorem 1, eθ(t) never
crosses (2k + 1)π if cos(eθ(0)/2) �= 0. If cos(eθ(0)/2) = 0,
the initial value of the control (22) becomes

wb(0) = 2kθ(0) sin
eθ(0)

2
(24)

where it was taken into account that sgn(0) = 1. This means
that wb(0) > 0 and that eθ will start to rapidly decrease if
eθ(0) ∈ {. . . ,−3π, π, 5π, . . .} and wb(0) < 0, and eθ will start
to rapidly increase if eθ(0) ∈ {. . . ,−5π,−π, 3π, . . .}. When
eθ leaves this undesirable orientation, it is impossible to visit it
again, and the convergence of eθ to 2kπ (k ∈ Z) follows. �

Remark 4: Note that the discontinuity in the control law
at eθ(t) = (2k + 1)π (k ∈ Z) does not influence the uniform
continuity of any signal involved in the system. As already
shown in the proof of Theorem 1, eθ(t) never crosses (2k + 1)π
if cos(eθ(0)/2) �= 0. If cos(eθ(0)/2) = 0, the initial value of
all the signals in the system is finite. The signals also remain
smooth later.

B. Unified Framework for Control Laws Analysis and Design

One of the major advantages of this paper is that it proposes
a unified framework for a control law stability analysis. Within
this framework, the design of new control laws is also possible.
A general form of the Lyapunov function (11) will be used, i.e.,

V =
ky
2

(
e2x + e2y

)
+ V1(eθ) (25)

where ky is a positive constant, and V1 : R → R is a periodic
function (the period is 2π) that is positive everywhere, except
at multiples of 2π, where it becomes 0. Its derivative along the
solutions of (9) is

V̇ = −kyexvb + kyvrey sin eθ − wb
dV1

deθ
. (26)

Now vb and wb have to be found to make the derivative negative.
The control law for vb will make the first term quadratically
negative with respect to ex; wb will cancel the second term on

the right-hand side of (26) and make the last one negative with
respect to eθ (the third term will become 0 at multiples of 2π).
The general form of the control laws that unify all the laws
treated in this paper is the following:

vb = kxex

wb = kyvreyΩy(eθ) + kθΩθ(eθ) (27)

where kx and kθ are positive bounded functions, whereas
Ωy(eθ) and Ωθ(eθ) need to be defined. Inserting (27) into (26),
the following is obtained:

V̇ = −kykxe
2
x+kyvrey

(
sin eθ−Ωy

dV1

deθ

)
−kθΩθ

dV1

deθ
. (28)

The convergence of ex to 0 and the convergence of eθ to any
multiple of 2π is guaranteed if both conditions are met, i.e.,

sin eθ − Ωy
dV1

deθ
= 0 (29)

kθΩθ
dV1

deθ

{
= 0, eθ = 2kπ (k ∈ R)
> 0, elsewhere.

(30)

It is very important that the expression kθΩθ(dV1/deθ) is
locally quadratically positive around the zeros to guarantee the
convergence of eθ.

It is simple to check that the functions Ωy(eθ) and Ωθ(eθ)
are continuous for the case of (13), whereas the discontinuity
occurs at eθ = ±π for the case of (22). The shape of the
functions for different control laws is shown in Fig. 2. As
already stated, this discontinuity is introduced to prevent the
occurrence of an unstable equilibrium. The control laws defined
by (13) and (22), respectively, guarantee the convergence of all
the errors to 0 if both reference velocities do not diminish. Both
control laws share the Ωy(eθ) function and differ in Ωθ(eθ).
It is very easy to show that the linear combination of the two
proposed control laws

vb = kxex

wb = kyvrey cos
4 eθ
2

+ ckθ sin eθ

+ (1− c)2kθ sin
eθ
2
sgn

(
cos

eθ
2

)
(31)

also guarantees convergence under the same conditions, where
0 ≤ c ≤ 1 is an arbitrary real constant. By tuning c, the size
of the discontinuity at eθ = ±π is influenced (c = 0 for the
maximum discontinuity; c = 1 for the continuous control law).
By selecting c smaller than 1, the occurrence of the unstable
equilibrium is prevented.

Note that the actual control v can become negative during
transients. This would mean that the robot would have to drive
backward for a short period of time. If this is not allowed,
the control v is simply limited to 0 from below, and only
rotation takes part for a short period of time. When the robot’s
orientation changes enough, the control v becomes positive
again, and the forward motion automatically continues, as will
be shown in Section V.
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Fig. 2. Shape of Ωy(eθ) and Ωθ(eθ) in the control laws for forward motion
robots (indices 1–4 correspond to those in Table I).

Two known control laws from the literature can be also
analyzed in the proposed framework. The first one is from
[11], and the other one is from [14]. These algorithms were
chosen because they were both designed using the Lyapunov
stability theory. The Lyapunov functions used therein have the
same limit around the zero error in the orientation (eθ = 0).
Choosing the Lyapunov function as

V =
ky
2

(
e2x + e2y

)
+

1

2

(
sin eθ

2
1
2

)2

(32)

and using the control law proposed in [11], i.e.,

vb = kxex

wb = kvrey + kθ sin eθ (33)

result in a stable system where the convergence of all the errors
can be shown under the same conditions as in Theorems 1 and 2.
Note that there was also a third factor |vr| in the second term of
wb, which can be also included in kθ.

If one chooses the Lyapunov function

V =
ky
2

(
e2x + e2y

)
+

1

2
e2θ (34)

and implements the feedback control law from [14], i.e.,

vb = kxex

wb = kvrey
sin eθ
eθ

+ kθeθ (35)

the same conditions for the convergence can again be derived.
Note that the control law (35) is not completely compatible with
the proposed approach since it is not periodic with respect to eθ,
but in this paper, it will be only analyzed in the interval (−π, π).

C. Forward and Backward Motion Control of Wheeled
Mobile Robots

As aforementioned, the forward and backward motion robot
in our context means that the robot can be driven in both
directions not only during transients but also during normal
behavior. When controlling such a vehicle, our goal is to
bring the position error to zero, whereas the orientation error
should converge to any multiple of π (even multiples of π for
the forward motion and odd multiples of π for the backward
motion). The Lyapunov function should be therefore periodic
with respect to eθ with a period of π. The Lyapunov functions
will have the same form as (25), but the period of V1 will be
π instead of 2π. The same form of control laws (27) will be
used, resulting in the same derivative of the Lyapunov function
(28). This means that the same stability conditions are ob-
tained, i.e., (29) and (30), where the period of kθΩθ(dV1/deθ)
is now π, i.e.,

kθΩθ
dV1

deθ

{
= 0, eθ = kπ (k ∈ R)
< 0, elsewhere.

(36)

Obviously, the period of Ωθ also becomes π.
The conditions (29) and (36) enable a wide spectrum of con-

trol laws to be developed. Some will be shown here, and their
properties will be compared in Section IV. The first Lyapunov
function candidate, which is inspired by (11), is chosen as

V =
ky
2

(
e2x + e2y

)
+

1

2
tan2 eθ. (37)

Analogously to the approach in the previous subsection, the
control law will be derived such that it results in a derivative
of the Lyapunov function of the following form [analogous
to (14)]:

V̇ = −kxkye
2
x − kθ tan

2 eθ. (38)

It is very easy to show that the required feedback controls are

vb = kxex

wb = kyvrey cos
3 eθ + kθ

sin 2eθ
2

. (39)

Theorem 3: If the control law (39) is applied to the system
where ky is a positive constant, kx and kθ are positive bounded
functions, the reference velocities vr and wr are bounded, and
the initial condition for eθ(t) satisfies cos eθ(0) �= 0, then the
tracking error ex converges to 0, whereas eθ converges to
a multiple of π. The convergence of ey to 0 is guaranteed,
provided that at least one of the two conditions of Theorem 1 is
satisfied.

Proof: The proof is completely analogous to the proof of
Theorem 1.

The next Lyapunov function is analogous to (32), i.e.,

V =
ky
2

(
e2x + e2y

)
+

1

2
sin2 eθ. (40)
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Unfortunately, no wb exists that would remain bounded if cos eθ
approached 0. The Lyapunov function should be therefore
slightly modified in view of condition (36), i.e.,

V =
ky
2

(
e2x + e2y

)
+

1

2
sin2 eθ |cos(eθ)|−1 . (41)

The following form of the Lyapunov function derivative

V̇ = −kxkye
2
x − kθ sin

2 eθ |cos(eθ)| (42)

is obtained by using the control law (27) and choosing Ωy and
Ωθ as

Ωy(eθ) =

(
1 +

tan2 eθ
2

)−1

sgn(cos eθ)

Ωθ(eθ) =

(
1 +

tan2 eθ
2

)−1
sin 2eθ

2
. (43)

The proposed framework allows the same Lyapunov function
(41) to be used, and a different V̇ is required because of the
inequality in (36), i.e.,

V̇ = −kxkye
2
x − kθ sin

2 eθ |cos(eθ)|
(
1 +

tan2 eθ
2

)
. (44)

This results in the same Ωy due to (29) and a simpler form of
Ωθ due to (36), i.e.,

Ωy(eθ) =

(
1 +

tan2 eθ
2

)−1

sgn(cos eθ)

Ωθ(eθ) =
sin 2eθ

2
. (45)

For both the control laws (43) and (45), the convergence can be
proven under the same conditions as in Theorem 3.

The advantage of the control laws (39), (43), and (45) is
that they are continuous, which results in continuous (kine-
matic) control signals. Continuous kinematic controls make the
problem of implementation on the vehicle with dynamics much
easier. The drawback of the control laws (39), (43), and (45)
is their inability to drive the errors to 0 if cos eθ(0) = 0. This
condition is satisfied if, e.g., eθ(0) = (π/2). It is easy to see
that, in such a case, wb will be 0 in all three cases. Again,
a problem of unstable equilibrium can be recognized where
cos eθ = 0. The source of the problems lies in the fact that the
Lyapunov function becomes unbounded where cos eθ = 0. This
can be resolved if a modified Lyapunov function is used, i.e.,

V =
ky
2

(
e2x + e2y

)
+

1

2
sin2 eθ

a+ 1

a+ |cos(eθ)|
(46)

where a ≥ 0 is an arbitrary constant, and (a+ 1) in the nu-
merator is only used to have the same behavior of V around
zero error as in the other control laws treated in this paper.
Again, several control laws can be proposed that guarantee
the convergence of the tracking error to 0. The following
form of V̇ :

V̇ = −kxkye
2
x − kθ sin

2 eθ (47)

Fig. 3. Shape of Ωy(eθ) and Ωθ(eθ) in the control laws for forward and
backward motion (indices 1–7 correspond to those in Table II).

is obtained when applying the control law with the following Ω
functions:

Ωy(eθ) =
2

a+ 1
sgn(cos eθ)

(
1 +

1− a2

(a+ | cos eθ|)2
)−1

Ωθ(eθ) =
2

a+ 1
sgn(cos eθ)

(
1 +

1− a2

(a+ | cos eθ|)2
)−1

sin eθ.

(48)

The functions from (48) are continuous everywhere, except
at odd multiples of π/2. After a simple check, it can be con-
cluded that the functions can be made continuous by choosing
a equal to 0, whereas the size of the jumps increases by
increasing a. A simple form is obtained at a = 1 when Ωy be-
comes sgn(cos eθ). By increasing a further, the control signals
may become very large in the vicinity of ±(π/2).

The last control law can be obtained by requiring V̇ to take
the following form:

V̇ = −kxkye
2
x−kθ

a+1

2

(
1+

1−a2

(a+| cos eθ|)2
)
sin2 eθ (49)

which results in a simpler control law with the following Ω
functions:

Ωy(eθ) =
2

a+ 1
sgn(cos eθ)

(
1 +

1− a2

(a+ | cos eθ|)2
)−1

Ωθ(eθ) = sgn(cos eθ) sin eθ. (50)

All the Ω functions for forward and backward motion control
of the wheeled mobile robots are summarized in Table II and
Fig. 3, where βa(eθ) stands for

βa(eθ) =
2

a+ 1
sgn(cos eθ)

(
1 +

1− a2

(a+ | cos eθ|)2
)−1

. (51)
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Remark 5: The convergence proofs for the control laws here
are very similar to the ones from the previous subsection and
are omitted.

IV. COMPARISON OF DIFFERENT CONTROL LAWS

The proposed control laws were extensively tested and com-
pared with the existing methods from the literature given by
(33) and (35). Note that all the control laws treated in this paper
behave similarly around the zero orientation error, which can
be shown by analyzing the Ω functions around 0, i.e.,

Ωy

∣∣∣∣
eθ=0

=1
dΩy

deθ

∣∣∣∣
eθ=0

= 0

Ωθ

∣∣∣∣
eθ=0

=0
dΩθ

deθ

∣∣∣∣
eθ=0

= 1. (52)

This will enable a relatively fair comparison among the control
laws by using the same control gains—in all cases, the values
kx = 10 s−1, ky = 10 m−2, and kθ = 1 s−1 will be used. In
the simulation experiments, the orientation error eθ for the
nonperiodic control law (35) was always mapped to the interval
(−π, π] to make the comparison fair.

The form of the control laws suggests that the role of vb
is always the reduction of ex while wb needs to cater for the
remaining two errors. A very simplified explanation is that the
first term in wb takes care of the lateral error while the second
term is responsible for the orientation error. In reality, the
problems are much more complicated due to the nonholonomic
nature of the system. The feedback vb is the same in all the
control laws that were compared, and therefore, any drastic
differences in performance should not be expected. The form of
wb suggested by (27) is also the same for all the control laws.
The shape of the Ω functions, however, drastically changes.
Some control laws are continuous with respect to the orientation
error (which is a useful property but causes the occurrence of
unstable equilibria), the others are not. In addition, the “gains”
from ey and eθ, respectively, to wb are very different (although
they are the same in the nominal operating point).

An extensive simulation study was performed to compare all
the approaches under the same circumstances. The reference
trajectory is the same in all the simulation runs, i.e.,

xr(t) =A0 cos(ω0t)

yr(t) =A0 sin(2ω0t) (53)

with A0 = 1 m, and ω0 = 0.34 s−1. The simulation run always
started at t = 0 and finished at t = (2π/ω0). The control signals
vb and wb were saturated to ±10 (ms−1 and s−1, respectively).
The simulation experiment was conducted with different ini-
tial conditions. The possible initial conditions of the error
model were

ex(0)

A0
,
ey(0)

A0
∈ Ixy = {−1.9,−1.7,−1.5, . . . , 1.7, 1.9}

eθ(0)∈ Iθ =

{
−π +

π

24
+

lπ

12

∣∣∣∣ l = 0, 1, . . . , 23

}

(54)

TABLE I
THE FORM OF Ωy(eθ) AND Ωθ(eθ) IN THE CONTROL

LAWS FOR FORWARD MOTION ROBOTS (THE

INDICES ARE THE SAME AS IN FIG. 2)

TABLE II
THE FORM OF Ωy(eθ) AND Ωθ(eθ) IN THE CONTROL

LAWS FOR FORWARD AND BACKWARD MOTION

(THE INDICES ARE THE SAME AS IN FIG. 3)

which means that each of the proposed control laws has been
tested with all the variations of the initial conditions from the
grid (54). For each simulation run, the following error functions
were calculated:

icxyθp =

2π
ω0∫
0

[
e2x(t) + e2y(t)

]
dt

icxyθo =

2π
ω0∫
0

[
e2θ(t)

]
dt (55)

where the indexes “p” and “o” stand for the position and the
orientation error, respectively; x, y, and θ denote the respective
initial conditions; and i denotes the index of the control law.
Eleven different control laws were tested: four for the forward
motion robots (they are summarized in Table I) and seven for
the forward and backward motion robots (they are summarized
in Table II). For each variation of the initial conditions in (54),
eleven simulation experiments were conducted with eleven dif-
ferent control laws, meaning that the total number of simulation
runs was 20 × 20 × 24 × 11.

The overall cost function of a certain control law i was
simply the sum of all the individual cost functions, i.e.,

Ci
p =

∑
x∈Ixy

∑
y∈Ixy

∑
θ∈Iθ

(
icxyθp

)

Ci
o =

∑
x∈Ixy

∑
y∈Ixy

∑
θ∈Iθ

(
icxyθo

)
. (56)

Whenever the performance of a control law is discussed, it is
necessary to check for the control effort. Analogously with (55)
and (56), Ci

v and Ci
w are defined as the sums of the integrals

of v2b and w2
b , respectively. Table III shows the cost functions

C
i
p, C

i
o, C

i
v , and C

i
w (these are obtained by normalizing the
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TABLE III
COST FUNCTIONS OF INDIVIDUAL CONTROL LAWS

FOR THE FORWARD MOTION CONTROL LAWS

TABLE IV
COST FUNCTIONS OF INDIVIDUAL CONTROL LAWS FOR THE

FORWARD AND BACKWARD MOTION CONTROL LAWS

respective cost functions with the best one in the column) for
all the forward motion control laws from Table I. Similarly,
Table IV shows the cost functions for all the forward and
backward motion control laws from Table II.

Among the forward motion control laws, the smallest po-
sition error Ci

p (or C
i
p) is achieved with the control law (33),

whereas the smallest orientation error and the smallest control
effort (both in translational and angular velocities) is achieved
by the proposed control law (22). Similar results were obtained
when testing the forward and backward motion control laws,
where the best overall performance in the position error is
achieved with the control law (50), whereas the control law (39)
achieves the best results in the other categories.

It is very well known that it is impossible to simultaneously
drive the lateral and orientation errors to 0 independently due to
the nonholonomic nature of the system. This means that there is
always some tradeoff between good position control and good
orientation control. In our approach, this can be done in two
ways—by properly choosing the control gains and by suitably
selecting the control law. By choosing a large kθ, the main
control goal is to reduce the error in the orientation, whereas the
lateral error is not so important. Such a strategy is useful when
the error in the orientation is high and it is necessary to reduce it
quite quickly (otherwise, the error in ey can also increase due to
the interconnection). When, on the other hand, the orientation
error is low, it is more important to cope with ey , which is a
problematic error due to the nonholonomic constraints. Such
behavior is achieved by selecting a control law with a narrow
Ωy (narrow means that |Ωy| is around 1 for very small angles
and that it starts converging to 0 for relatively small values of
|eθ|, whereas wide means that |Ωy| is closer to 1 even when
|eθ| approaches π/2) function and discontinuous Ωθ, which is
the case with the fourth control law from Table I and the seventh
control law from Table II.

V. HARDWARE IMPLEMENTATION

The algorithms were validated using the Mirosot-type robot
soccer robot, observed with one firewire camera, mounted

above the flat uniformly lit surface, at 30 frames per second. A
custom-developed computer-vision system was used to deter-
mine the position and the orientation of the robot in each cap-
tured video frame and publish this information as a publishing
node to the Robot Operating System (ROS). Commands to the
robot were wirelessly sent from the second ROS node, whereas
a third ROS node was used to execute the control algorithms.
All the nodes were executed on the same computer.

The practical implementation validated the proposed control
laws in a real-life environment where the system is subject to
conditions not explicitly taken into account during the control
law development. The schematic representation of the system is
given in Fig. 4. Not only does a real robot introduce dynamics
to the control problem, its pose measurement is also delayed
due to the machine vision measurement. Consequently, the
commands v and w are transformed to the velocity references
of the wheels vR and vL, as suggested by (3), whereas PID
controllers are implemented on board to force that the actual
wheel velocities vaR and vaL track the reference velocities fast
enough. The low-level PID-controlled loop was identified as a
first-order system with 150-ms time constant due to the robot
dynamics. The total delay of 50 ms due to video capture,
processing, interprocess communication, control algorithms’
evaluation, and wireless communication to the robots was
experimentally estimated. It is very well known that parasitic
dynamics and delays in the loop decrease the phase margin and
can eventually cause system instability. However, experimental
results have confirmed that the stability margin of the proposed
control laws is high enough to prevent performance degradation
due to unmodelled dynamics.

The experimental results show very good tracking perfor-
mance in the case of all the proposed control laws if the
robot is near the reference trajectory and if the control gains
are not too high. The differences are notable in the transient
(when the control errors are relatively high). Probably the most
problematic initial pose is when the robot’s initial orientation
is perpendicular to the initial trajectory and the robot is turned
away from the trajectory. This case is treated in the experiments,
whose results are shown in Figs. 5–7. Since some controllers
produce similar results, not all of them are included in the
plots to improve the legibility. The figures show the results
of the experiments for the reference trajectory (53) and the
control gains kx = 2, ky = 5, and kθ = 0.8. Only the most dis-
tinct controllers are depicted—controller 3 from Table I (blue
narrow solid lines) and controllers 2, 4, and 7 from Table II
(dashed lines). They are compared with the controllers from
the literature (II-1 and II-2, red and green thicker solid lines)
and to a linear controller vb = kxex and wb = kyey + kθeθ
(magenta dash-dotted line). In the case of the forward-motion-
only controllers, the v command was limited to 0 from below
(reverse driving is not possible). The results of the forward-
motion-only controllers (group I) are shown with a solid line,
whereas the results of group II are shown with a dashed line.
In the group of forward and backward motion robots, one
robot is driving in the forward direction after the transient,
whereas two are driving backward (this is why the “error” in
the orientation is −π in the steady state). In group II, controller
II-2 behaves the worst due to the particular initial condition in
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Fig. 4. Schematic of the system.

Fig. 5. Trajectories in the x−y plane.

Fig. 6. Error signals.

the vicinity of the weakly repelling equilibrium of −(π/2) (see
the orientation error). The comparison shows quite different
transients, although all the controllers (except the linear one)
behave exactly the same around the zero error. The control gains
are not optimized for each individual controller because this
would have to be done for each reference trajectory. This is why
these results should not be seen as a measure of the “quality”
of the controllers but rather to show the diversity and the ability
of the controllers to cope with real problems, even in the case of
bad initial conditions.

Extensive tests have shown that the controllers from Table I
result in the trajectories that are relatively similar to each
other, whereas the group of controllers from Table II shows

Fig. 7. Control signals.

much more heterogeneous behavior, as shown in Figs. 5–7. The
control laws with a discontinuity in Ωθ around ±90◦ generally
produce better results since the orientation error is quickly
repelled from this unfavorable value, but the control cost is a
little higher. Controller II-7 is a good overall performer and can
be recommended for use in practice.

VI. CONCLUSION

In this paper, a set of control laws has been developed,
which are periodic with respect to the orientation error. They
are divided into two categories—the laws for forward motion
mobile robots and the laws for forward and backward motion
mobile robots. All the laws are derived within the Lyapunov
stability framework, and global asymptotic convergence to a
predesigned path is proven under some mild conditions if the
reference velocities satisfy the condition of persistent excita-
tion. The control laws are also discussed from the continuity
point of view, which is often in contradiction with the absence
of unstable equilibria for a certain orientation error. Another
important tradeoff is also discussed—how to achieve good
position regulation and good orientation regulation. This can
be done by properly choosing the control gains and by suitably
selecting one of the proposed control laws. The proposed
control laws are also very easy to implement on low-cost
hardware since they require only basic mathematical operations
and trigonometric functions. Moreover, due to the periodicity
of control laws, no special treatment of cases when orientation
error exceeds ±180◦ is necessary.
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of differential drive wheeled mobile robot,” Robot. Auton. Syst., vol. 59,
no. 2, pp. 57–64, Feb. 2011.

[14] C. Samson, “Time-varying feedback stabilization of car like wheeled
mobile robot,” Int. J. Robot. Res., vol. 12, no. 1, pp. 55–64, Feb. 1993.
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[16] G. Klančar and I. Škrjanc, “Tracking-error model-based predictive control
for mobile robots in real time,” Robot. Auton. Syst., vol. 55, no. 6, pp. 460–
469, Jun. 2007.

[17] E.-H. Guechi, J. Lauber, M. Dambrine, G. Klančar, and S. Blažič, “PDC
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